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Decomposition of compact exceptional Lie groups
into their maximal tori
Toshikazu MIYASHITA
Nagano prefectural Komoro high school
Abstract. In this paper we treat the intersection of fixed point subgroups by the
involutive automorphisms of exceptional Lie group G = F4, E6, E7. We shall find involutive
automorphisms of G such that the connected component of the intersection of those fixed
point subgroups coincides with the maximal torus of G.
1. Introduction
It is known that the involutive automorphisms of the compact Lie groups play
an important role in the theory of symmetric space (c.f. Berger [1]). In [8],[9] Yokota
showed that the exceptional symmetric spaces G/H are realized definitely by calculat-
ing the fixed point subgroup of the involutive automorphisms γ˜, γ˜′, σ˜, σ˜′, ι˜ of G, where
γ˜, γ˜′, σ˜, σ˜′ are induced by R-linear transformations γ, γ′, σ, σ′ of J and ι˜ is induced by
C-linear transformation ι of PC . Here γ, γ′ ∈ G2 ⊂ F4 ⊂ E6 ⊂ E7, σ, σ′ ∈ F4 ⊂ E6 ⊂
E7 and ι ∈ E7. For the cases of the graded Lie algebras g of the second kind and
third kind, the corresponding subalgebras g0, gev, ged of g are realized as the inter-
section of those fixed point subgroups of the commutative involutive automorphisms
([3],[6],[7],[10],[11],[12]).
In [2],[4],[5] we determined the intersection of those fixed point subgroups of the
involutive automorphisms of G when G is a compact exceptional Lie group. We
remark that those intersection subgroups are maximal rank of G.
In general, let G be a connected compact Lie group and σ1, σ2, · · · , σm commu-
tative automorphism elements of G. Set Gσ1,σ2,··· ,σk = {α ∈ G |σiα = ασi, i =
1, · · · , k}. We expect that the group Gσ1,σ2,··· ,σk is a maximal rank subgroup of G.
Consider the following degreasing sequence of subgroups of G:
Gσ1 ⊃ Gσ1,σ2 ⊃ · · · ⊃ Gσ1,··· ,σm .
Let T l be the maximal tours of G. In this paper we would like to find σ1, σ2, · · · , σm
such that the connected component subgroup (Gσ1,σ2,···σk)0 of the group G
σ1,σ2,···σk
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is isomorphic to T l when G is simply connected compact exceptional Lie groups
G2, F4, E6 or E7. For the case G = G2, we prove that the group ((G2)
γ,γ′)0 ∼= T 2 by
[5], Theorem 1.1.3. Then we shall prove the following :
(1) ((F4)
γ,γ′,σ,σ′)0 ∼= T 4,
(2) ((E6)
γ,γ′,σ,σ′)0 ∼= T 6,
(3) ((E7)
γ,γ′,σ,σ′,ι)0 ∼= T 7.
For the case G = E8, we conjecture that the group ((E8)
γ,γ′,σ,σ′,υ3)0 ∼= T 8, where
λ′ ∈ E8 (As for υ3, see [3]).
2. Group F4
The simply connected compact Lie group F4 is given by the automorphism group
of the exceptional Freudenthal algebra J :
F4 = {α ∈ IsoR(J) |α(X × Y ) = αX × αY }.
We shall review the definitions of R-linear transformations γ, γ′, σ, σ′ of J([8],
[10], [12]).
Firstly we define R-linear transformations γ, γ′ and γ1 of JC ⊕M(3,C) = J by
γ(X +M) = X + γ(m1,m2,m3) = X + (γm1, γm2, γm3),
γ′(X +M) = X + γ′(m1,m2,m3) = X + (γ
′
m1, γ
′
m2, γ
′
m3),
γ1(X +M) = X +M, X +M ∈ JC ⊕M(3,C) = J,
respectively, where JC = {X ∈ M(3,C) |X∗ = X}, the right-hand side transforma-
tions γ, γ′ : C3 → C3 are defined by
γ
(n1n2
n3
) =
 n1−n2
−n3
 , γ′(
n1n2
n3
) =
−n1n2
−n3
 , ni ∈ C.
Then γ, γ′, γ1 ∈ G2 ⊂ F4, and γ2 = γ′2 = γ12 = 1.
Further we define R-linear transfomations σ and σ′ of JC ⊕M(3,C) = J by
σ(X +M) = σX + (m1,−m2,−m3),
σ′(X +M) = σ′X + (−m1,−m2,m3), X +M ∈ JC ⊕M(3,C) = J,
respctively, where the right-hand side transformations σ, σ′ : JC → JC are defined by
σX = σ
ξ1 x3 x2x3 ξ2 x1
x2 x1 ξ3
 =
 ξ1 −x3 −x2−x3 ξ2 x1
−x2 x1 ξ3
 , σ′X =
 ξ1 x3 −x2x3 ξ2 −x1
−x2 −x1 ξ3
 .
Then σ, σ′ ∈ F4 and σ2 = σ′2 = 1.
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The group Z2 = {1, γ1} acts on the group U(1)× U(1)× SU(3) by
γ1(p, q, A) = (p, q, A).
Hence the group Z2 = {1, γ1} acts naturally on the group (U(1)×U(1)×SU(3))/Z3.
Let (U(1)×U(1)×SU(3)) ·Z2 be the semi-direct product of those groups under
this action.
Hereafter, ω1 denotes −1
2
+
√
3
2
e1 ∈ C.
Proposition 2.1. (F4)
γ,γ′ ∼= ((U(1)×U(1)×SU(3))/Z3) ·Z2, Z3 = {(1, 1, E),
(ω1, ω1, ω1E), (ω1
2, ω1
2, ω1
2E)}.
Proof. We define a mapping ϕ4 : (U(1)× U(1)× SU(3)) ·Z2 → (F4)γ,γ′ by
ϕ4((p, q, A), 1)(X +M) = AXA
∗ +D(p, q)MA∗,
ϕ4((p, q, A), γ1)(X +M) = AXA
∗ +D(p, q)MA∗,
X +M ∈ JC ⊕M(3,C) = J,
where D(p, q) = diag(p, q, pq) ∈ SU(3). Then ϕ4 induces the required isomorphism
(see [5] for details). ✷
Lemma 2.2. The mapping ϕ4 : (U(1)× U(1)× SU(3)) ·Z2 → (F4)γ,γ
′
satisfies
σ = ϕ4((1, 1, E1,−1), 1), σ
′ = ϕ4((1, 1, E−1,1), 1),
where E1,−1 = diag(1,−1,−1), E−1,1 = diag(−1,−1, 1) ∈ SU(3).
We denote U(1)× · · · × U(1), (1, · · · 1) and (ωk, · · ·ωk) (l-times) by U(1)×l, (1)×l
and (ωk)
×l, respectively.
Now, we determine the structures of the group (F4)
γ,γ′,σ,σ′
= ((F4)
γ,γ′)σ,σ
′
.
Theorem 2.3. ((F4)
γ,γ′,σ,σ′)0 ∼= U(1)×4.
Proof. For α ∈ (F4)γ,γ′,σ,σ′ ⊂ (F4)γ,γ′ , there exist p, q ∈ U(1) and A ∈ SU(3)
such that α = ϕ4((p, q, A), 1) or α = ϕ4((p, q, A), γ1) (Proposition 2.1). For the case
of α = ϕ4((p, q, A), 1), by combining the conditions of σασ = α and σ
′ασ′ = α with
Lemma 2.2, we have
ϕ4((p, q, E1,−1AE1,−1), 1) = ϕ4((p, q, A), 1)
and
ϕ4((p, q, E−1,1AE−1,1), 1) = ϕ4((p, q, A), 1).
Hence
(i) E1,−1AE1,−1 = A, (ii)

p = ω1p
q = ω1q
E1,−1AE1,−1 = ω1A,
(iii)

p = ω1
2p
q = ω1
2q
E1,−1AE1,−1 = ω1
2A
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and
(iv) E−1,1AE−1,1 = A, (v)

p = ω1p
q = ω1q
E−1,1AE−1,1 = ω1A,
(vi)

p = ω1
2p
q = ω1
2q
E−1,1AE−1,1 = ω1
2A.
We can eliminate the case (ii), (iii), (v) or (vi) because p 6= 0 or q 6= 0. Hence we
have p, q ∈ U(1) and A ∈ S(U(1)× U(1)×U(1)). Since the mapping U(1)×U(1)→
S(U(1)× U(1)× U(1)),
h(a1, a2) = (a1, a2, a1a2)
is an isomorphism, the group satisfying with the conditions of case (i) and (iv) is
(U(1)×4)/Z3. For the case of α = ϕ4((p, q, A), γ1), from ϕ4((p, q, A), γ1)=ϕ4((p, q, A),
1)γ1, ϕ4((1, 1, E1,−1), 1)γ1 = γ1ϕ4((1, 1, E1,−1), 1) and ϕ4((1, 1, E−1,1), 1)γ1=γ1ϕ4((1,
1, E−1,1), 1) , this case is in the same situation as above. Thus we have (F4)
γ,γ′,σ,σ′∼=
((U(1)×4)/Z3) ·Z2,Z3={(1)×4, (w1)×4, (w12)×4}. The group (U(1)×4)/Z3 is natu-
rally isomorphic to the torus U(1)×4, hence we obtain (F4)
γ,γ′,σ,σ′ ∼= (U(1)×4) · Z2.
Therefore we have the required isomorphism of the theorem. ✷
3. The group E6
The simply connected compact Lie group E6 is given by
E6 = {α ∈ IsoC(JC) |αX × αY = τατ(X × Y ), 〈αX,αY 〉 = 〈X,Y 〉}.
R-linear transformations γ, γ′, γ1, σ and σ
′ of J = JC⊕M(3,C) are naturally ex-
tended to the C-linear transformations of γ, γ′, γ1, σ and σ
′ of JC = (JC)
C⊕M(3,C)C .
Then we have γ, γ′, γ1, σ, σ
′ ∈ E6.
The group Z2 = {1, γ1} acts on the group U(1)× U(1)× SU(3)× SU(3) by
γ1(p, q, A,B) = (p, q, B,A).
Hence the group Z2 = {1, γ1} acts naturally on the group (U(1) × U(1) × SU(3) ×
SU(3))/Z3.
Let (U(1)×U(1)×SU(3)×SU(3))·Z2 be the semi-direct product of those groups
under this action.
Proposition 3.1. (E6)
γ,γ′ ∼= ((U(1) × U(1)× SU(3)× SU(3))/Z3) · Z2,Z3 =
{(1, 1, E,E), (ω1, ω1, ω1E,ω1E), (ω12, ω12, ω12E,ω12E)}.
Proof. We define a mapping ϕ6 : (U(1)×U(1)×SU(3)×SU(3)) ·Z2 → (E6)γ,γ′
by
ϕ6((p, q, A,B), 1)(X +M) = h(A,B)Xh(A,B)
∗ +D(p, q)Mτh(A,B)∗,
ϕ6((p, q, A,B), γ1)(X +M) = h(A,B)Xh(A,B)
∗ +D(p, q)Mτh(A,B)∗,
X +M ∈ (JC)C ⊕M(3,C)C = JC .
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Here D(p, q) = diag(p, q, pq) ∈ SU(3) and h : M(3,C) ×M(3,C) → M(6,C)C is
defined by
h(A,B) =
A+B
2
+ i
A−B
2
e1.
Then ϕ6 induces the required isomorphism (see [5] for details). ✷
Lemma 3.2. The mapping ϕ6 : (U(1)× U(1)× SU(3)× SU(3)) ·Z2 → (E6)γ,γ′
satisfies
σ = ϕ6((1, 1, E1,−1, E1,−1), 1), σ
′ = ϕ6((1, 1, E−1,1, E−1,1), 1).
The group Z2 = {1, γ1} acts on the group U(1)×6 by
γ1(p, q, a1, a2, a3, a4) = (p, q, a3, a4, a1, a2).
Let (U(1)×6) ·Z2 be the semi-direct product of those groups under this action.
Now, we determine the structures of the gruop (E6)
γ,γ′,σ,σ′ = ((E6)
γ,γ′)σ,σ
′
.
Theorem 3.3. ((E6)
γ,γ′,σ,σ′)0 ∼= U(1)×6.
Proof. For α ∈ (E6)γ,γ′,σ,σ′ ⊂ (E6)γ,γ′, there exist p, q ∈ U(1) and A,B ∈
SU(6) such that α = ϕ6((p, q, A,B), 1) or α = ϕ6((p, q, A,B), γ1) (Proposition 3.1).
For the case of α = ϕ6((p, q, A,B), 1), by combining the conditions σασ = α and
σ′ασ′ = α with Lemma 3.2, we have
ϕ6((p, q, E1,−1AE1,−1, E1,−1BE1,−1), 1) = ϕ6((p, q, A,B), 1)
and
ϕ6((p, q, E−1,1AE−1,1, E−1,1BE−1,1), 1) = ϕ6((p, q, A,B), 1).
Hence
(i)
{
E1,−1AE1,−1 = A
E1,−1BE1,−1 = B,
(ii)

p = ω1p
q = ω1q
E1,−1AE1,−1 = ω1A
E1,−1BE1,−1 = ω1B,
(iii)

p = ω1
2p
q = ω1
2q
E1,−1AE1,−1 = ω1
2A
E1,−1BE1,−1 = ω1
2B
and
(iv)
{
E−1,1AE−1,1 = A
E−1,1BE−1,1 = B,
(v)

p = ω1p
q = ω1q
E−1,1AE−1,1 = ω1A
E−1,1BE−1,1 = ω1B,
(vi)

p = ω1
2p
q = ω1
2q
E−1,1AE−1,1 = ω1
2A
E−1,1BE−1,1 = ω1
2B.
We can eliminate the case (ii), (iii), (v) or (vi) because p 6= 0 or q 6= 0. Thus we have
p, q ∈ U(1) and A,B ∈ S(U(1)×3). Since the mapping U(1)×4 → S(U(1)×5),
h(a1, a2, a3, a4) = (a1, a2, a3, a4, a1a2a3a4)
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is an isomorphism, the group satisfying with the conditions of case (i) and (iv) is
(U(1)×6)/Z3. For the case of α = ϕ6((p, q, A,B), γ1), from ϕ6((p, q, A,B), γ1) =
ϕ6((p, q, A,B), 1)γ1, ϕ6((1, 1, E1,−1, E1,−1), 1)γ1 = γ1ϕ6((1, 1, E1,−1, E1,−1), 1) and
ϕ6((1, 1, E−1,1, E−1,1), 1)γ1 = γ1ϕ6((1, 1, E−1,1, E−1,1), 1), this case is in the same sit-
uation as above. Thus we have (E6)
γ,γ′,σ,σ′∼= ((U(1)×6)/Z3)·Z2,Z3={(1)×6, (w1)×6,
(w1
2)×6}. The group (U(1)×6)/Z3 is naturally isomorphic to the torus U(1)×6, hence
we obtain (E6)
γ,γ′,σ,σ′ ∼= (U(1)×6) ·Z2. Therefore we have the required isomorphism
of the theorem. ✷
4. Group E7
Let PC = JC⊕JC⊕C⊕C. The simply connected compact Lie group E7 is given
by
E7 = {α ∈ IsoC(PC) |α(P ×Q)α−1 = αP × αQ, 〈αP, αQ〉 = 〈P,Q〉}.
Under the identification (P
C
)C⊕(M(3,C)C⊕M(3,C)C) with PC : ((X,Y, ξ, η),
(M,N)) = (X +M,Y +N, ξ, η), C-linear transformations of γ, γ′, γ1, σ and σ
′ of JC
are extended to C-linear transformations of PC as
γ(X +M,Y +N, ξ, η) = (X + γM, Y + γN, ξ, η),
γ′(X +M,Y +N, ξ, η) = (X + γ′M,Y + γ′N, ξ, η),
γ1(X +M,Y +N, ξ, η) = (X +M,Y +N, ξ, η),
σ(X +M,Y +N, ξ, η) = (σX + σM, σY + σN, ξ, η),
γ(X +M,Y +N, ξ, η) = (σ′X + σ′M,σ′Y + σ′N, ξ, η),
where γM = diag(1,−1,−1)M,γ′M = diag(−1,−1, 1)M,σM = Mdiag(1,−1,−1)
and σ′M = Mdiag(−1,−1, 1).
Moreover we define a C-linear transformation ι of PC by
ι((X +M,Y +N, ξ, η) = (−iX − iM, iY + iN,−iξ, iη).
The group Z2 = {1, γ1} acts the group U(1)× U(1)× SU(6) by
γ1(p, q, A) = (p, q, (AdJ3)A), J3 =
(
0 E
−E 0
)
.
Hence the group Z2 = {1, γ1} acts naturally on the group (U(1)×U(1)×SU(6))/Z3.
Let (U(1)×U(1)×SU(6)) ·Z2 be the semi-direct product of those groups under
this action.
Proposition 4.1. (E7)
γ,γ′ ∼= ((U(1)×U(1)×SU(6))/Z3) ·Z2, Z3 = {(1, 1, E),
(ω1, ω1, ω1E), (ω1
2, ω1
2, ω1
2E)}.
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Proof. We define a mapping ϕ7 : (U(1)× U(1)× SU(6)) ·Z2 → (E7)γ,γ′ by
ϕ7((p, q, A), 1)P = f
−1((D(p, q), A)(fP )),
ϕ7((p, q, A), γ1)P = f
−1((D(p, q), A)(fγ1P )), P ∈ PC .
Here D(p, q) = diag(p, q, pq) ∈ SU(3) and the mapping f is defined in [9], Section
2.4. Then ϕ7 induces the required isomorphism (see [5] for details). ✷
Lemma 4.2. The mapping ϕ7 : (U(1)× U(1)× SU(6)) ·Z2 → (E7)γ,γ′ satisfies
σ = ϕ7((1, 1, F1,−1), 1), σ
′ = ϕ7((1, 1, F−1,1), 1), ι = ϕ7((1, 1, Fe1), 1)
where F1,−1 = diag(1,−1,−1, 1,−1,−1), F−1,1 = diag(−1,−1, 1,−1,−1, 1), Fe1 =
diag(e1, e1, e1,−e1,−e1,−e1) ∈ SU(6).
The group Z2 = {1, γ1} acts on the group U(1)×7 by
γ1(p, q, a1, a2, a3, a4, a5) = (p, q, a4, a5, a1, a2, a3)
Let (U(1)×7) ·Z2 be the semi-direct product of those groups under this action.
Now, we determine the structures of the group (E7)
γ,γ′,σ,σ′,ι = ((E7)
γ,γ′)σ,σ
′,ι.
Theorem 4.3. ((E7)
γ,γ′,σ,σ′,ι)0 ∼= U(1)×7.
Proof. For α ∈ (E7)γ,γ′,σ,σ′,ι ⊂ (E7)γ,γ′ , there exist p, q ∈ U(1) and A ∈ SU(6)
such that α = ϕ7((p, q, A), 1) or α = ϕ7((p, q, A), γ1) (Proposition 4.1). For the case of
α = ϕ7((p, q, A), 1), by combining the conditions σασ = α, σ
′ασ′ = α and ιαι−1 = α
with Lemma 4.2, we have
ϕ7((p, q, F1,−1AF1,−1), 1) = ϕ7((p, q, A), 1), ϕ7((p, q, F−1,1AF−1,1), 1) = ϕ7((p, q, A), 1)
and
ϕ7((p, q, Fe1AFe1
−1), 1) = ϕ7((p, q, A), 1).
Hence
(i) F1,−1AF1,−1 = A, (ii)

p = ω1p
q = ω1q
F1,−1AF1,−1 = ω1A,
(iii)

p = ω1
2p
q = ω1
2q
F1,−1AF1,−1 = ω1
2A,
(iv) F−1,1AF−1,1 = A, (v)

p = ω1p
q = ω1q
F−1,1AF−1,1 = ω1A,
(vi)

p = ω1
2p
q = ω1
2q
F−1,1AF−1,1 = ω1
2A.
and
(vii) Fe1AFe1
−1 = A, (viii)

p = ω1p
q = ω1q
Fe1AFe1
−1 = ω1A,
(ix)

p = ω1
2p
q = ω1
2q
Fe1AFe1
−1 = ω1
2A.
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We can eliminate the case (ii), (iii), (v), (vi), (viii) or (ix) because p 6= 0 or q 6= 0. Thus
we have p, q ∈ U(1) and A ∈ S(U(1)×6). Since the mapping U(1)×5 → S(U(1)×6),
h(a1, a2, a3, a4, a5) = (a1, a2, a3, a4, a5, a1a2a3a4a5)
is an isomorphism, the group satisfying with the conditions of case (i),(iv) and
(vii) is (U(1)×7)/Z3. For the case of α = ϕ7((p, q, A), γ1), from ϕ7((p, q, A), γ1) =
ϕ7((p, q, A), 1)γ1, ϕ7((1, 1, F1,−1), 1)γ1 = γ1ϕ7((1, 1, F1,−1), 1), ϕ7((1, 1, F−1,1), 1)γ1 =
γ1ϕ7((1, 1, F−1,1), 1) and ϕ7((1, 1, Fe1), 1)γ1 = γ1ϕ7((1, 1, Fe1), 1), this case is in
the same situation as above. Thus we have (E7)
γ,γ′,σ,σ′,ι ∼= ((U(1)×7)/Z3) · Z2,
Z3 = {(1)×7, (w1)×7, (w12)×7}. The group (U(1)×7)/Z3 is naturally isomorphic to
the torus U(1)×7, hence we obtain (E7)
γ,γ′,σ,σ′,ι ∼= (U(1)×7) ·Z2. Therefore we have
the required isomorphism of the theorem. ✷
3. The group E8
In the C-vector space e8
C :
e8
C = e7
C ⊕PC ⊕PC ⊕ C ⊕ C ⊕ C,
if we define the Lie bracket [R1, R2] by
[(Φ1, P1, Q1, r1, u1, v1), (Φ2, P2, Q2, r2, u2, v2)] = (Φ, P,Q, r, u, v),
Φ = [Φ1, Φ2] + P1 ×Q2 − P2 ×Q1
P = Φ1P2 − Φ2P1 + r1P2 − r2P1 + u1Q2 − u2Q1
Q = Φ1Q2 − Φ2Q1 − r1Q2 + r2Q1 + v1P2 − v2P1
r = −1
8
{P1, Q2}+ 1
8
{P2, Q1}+ u1v2 − u2v1
u =
1
4
{P1, P2}+ 2r1u2 − 2r2u1
v = −1
4
{Q1, Q2} − 2r1v2 + 2r2v1,
then, e8
C becomes a simple C-Lie algebra of type E8.
The group E8
C is defined to be the automorphism group of the Lie algebra e8
C :
E8
C = {α ∈ IsoC(e8C) |α[R1, R2] = [αR1, αR2]}.
We define C-linear transformations σ, σ′, λ˜ of e8
C respectively by
σ(Φ, P,Q, r, u, v) = (σΦσ, σP, σQ, r, u, v),
σ′(Φ, P,Q, r, u, v) = (σ′Φσ′, σ′P, σ′Q, r, u, v),
λ˜(Φ, P,Q, r, u, v) = (λΦλ−1, λQ,−λP,−r,−v,−u),
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where
σΦ(φ,A,B, ν)σ = Φ(σφσ, σA, σB, ν),
σ′Φ(φ,A,B, ν)σ′ = Φ(σ′φσ′, σ′A, σ′B, ν),
λΦ(φ,A,B, ν)λ−1 = Φ(−tφ,−B,−A,−ν).
(σ, σ′, λ of the left sides are the same ones used in [3].) Moreover, the complex
conjugation in e8
C is denoted by τ :
τ(Φ, P,Q, r, u, v) = (τΦτ, τP, τQ, τr, τu, τv),
where τΦ(φ,A,B, ν)τ = Φ(τφτ, τA, τB, τν).
Now, we define the Lie group E8 as a compact form of the complex Lie group
E8
C by
E8 = {α ∈ E8C | τλ˜α = αλ˜τ}.
Then, E8 is a simply connected compact simple Lie group of type E8. Note that
σ, σ′, λ˜ ∈ E8. The Lie algebra e8 of the Lie group E8 is given by
e8 = {R ∈ e8C | τλ˜R = R}
= {(Φ, P,−τλP, r, u,−τu) ∈ e8C |Φ ∈ e7, P ∈ PC , r ∈ iR, u ∈ C}.
Now, we will investigate the Lie algebra (e8)
σ,σ′ of the group
(E8)
σ,σ′ = ((E8)
σ)σ
′
= (E8)
σ ∩ (E8)σ
′
.
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